We report on our studies of the renormalization of flavor singlet quark bilinear operators in lattice QCD. The renormalization constants are determined non-perturbatively using gauge field ensembles with N f = 2 dynamical clover improved fermions. The renormalization is performed in the RI'-MOM scheme. The difference between flavor singlet and non-singlet quark bilinear operators is a disconnected contribution, which has to be evaluated by stochastic estimators. We compare our results for the running with perturbation theory. 34th annual International Symposium on Lattice Field Theory
Introduction
Bare composite operators of quark and gluon fields have to be renormalized in general to provide a well defined continuum limit for hadron matrix elements computed on the lattice. The RI'-MOM scheme is a regularization-independent scheme suitable for computations both in continuum perturbation theory and on the lattice by means of Monte Carlo simulations [1] . Flavor non-singlet quark bilinear operators have been successfully renormalized in the RI'-MOM scheme in many previous numerical studies with Wilson and staggered fermions [2, 3, 4, 5] .
In this contribution we present the determination of the renormalization constant of flavor singlet quark bilinear operators Z s. . The renormalization of matrix elements of phenomenological interest is the main motivation for the non-perturbative study of Z s. . The strange quark contribution to the spin of the nucleon is an example of a computation that requires the knowledge of singlet renormalization constants. The spin of the nucleon is the sum of the contribution of the quark spins ∆Σ, of the angular momentum of the quarks, L q , and of the spin and total angular momentum of gluons, ∆G,
where the contribution of heavy quarks is neglected. The axial singlet renormalization constant is required to compute the contribution ∆u + ∆d coming from the spin of the light quarks [6] . We focus on the two flavor ensembles generated by the QCDSF and RQCD collaborations. A similar calculation of the singlet renormalization constants has been already performed for the N f = 3 flavor case employing the Feynman-Hellmann approach in Ref. [7] . Our preliminary numerical results show that the disconnected contribution to the singlet renormalization constants can reliably be estimated directly, using stochastic noise methods, therefore avoiding the limitations of the Feynman-Hellmann method.
The RI'-MOM scheme for quark bilinears
The renormalization constants in the various RI'-MOM schemes Z Γ (µ) are defined by the renormalization condition in the chiral limit
whereṼ Γ (p) is the amputated vertex function at a momentum p for the operator
The above renormalization condition requires essentially the renormalized vertex function to be equal to its tree level counterpart at the momentum corresponding to the renormalization scale. The renormalization scale is set to be equal to the momentum, i.e. µ 2 = p 2 . The currentψΓψ is inserted at zero momentum in the vertex function in the RI'-MOM scheme For a flavor singlet quark bilinear operator, the contraction of the quark fields of the vertex function gives rise to a connected
and a disconnected contribution
S(x, y) being the quark propagator. The expression Tr 0 denotes the trace of the operator minus its vacuum expectation value,
the last term does not vanish for instance in the case of the operator Γ = 1 and in other case the subtraction may reduce the statistical error. The RI'-MOM scheme is a regularization invariant scheme, meaning that the condition (2.1) can be consistently imposed both on the lattice and in the continuum quantum field theory employing the usual dimensional regularization. It can therefore provide a common scheme to eventually link lattice numerical results to the schemes commonly used in perturbation theory.
Numerical calculation
We perform the non-perturbative computation of the flavor singlet renormalization constants on the N f = 2 QCDSF-RQCD ensembles [2, 8, 9] ; pion masses and lattice spacings are summarized in Table 1 . We analyze 100 configurations for each ensemble separated by 10 MDUs. The vertex function is not a gauge invariant observable, therefore we measure V on Landau gauge fixed configurations. The computation of the disconnected contribution to the vertex function is the most difficult task of the present study. We compute Tr 0 (ΓS(z, z)) with 20 stochastic estimators and we improve the signal by means of the hopping parameter expansion. The momenta are chosen to have a symmetric direction in the dual lattice space.
We observe a small contribution coming from the disconnected contributions to the renormalization of the tensorψσ µν ψ and axial vectorψγ 5 γ µ ψ operators, see Fig. 1(a) and 1(b) . Larger corrections are observed for the pseudoscalar and scalar operator,ψγ 5 ψ andψψ. In the latter case there is evidence of strong lattice spacing effects at large momenta, see Fig. 1(c) and 1(d) . Note that the singlet pseudoscalar operator is not expected to be affected by the pion pole, due to the U A (1) axial anomaly and the absence of a Goldstone boson in the singlet 0 −+ channel. Therefore, the chiral extrapolation of Z P s. is not singular. A comparison at different pion masses reveals a mild dependence of the flavor singlet renormalization constants on the quark mass, see Fig 2. 
Matching to perturbation theory
The non-perturbative calculation of the renormalization factors is presented in terms of the renormalization group invariants Z Γ RGI , to easily allow for a conversion of our results to a different renormalization scheme or to a different renormalization scale.
The Z Γ RGI are computed in two steps:
1. First, we perform the conversion to the MS scheme. To this end, the computation in perturbation theory of the conversion factor Z MS RI'-MOM (µ) is required. The conversion factors for singlet quark bilinear operators with an even number of gamma matrices do not differ from the non-singlet case, while they are unknown beyond one-loop in the case of the vector and axial vector currents.
2. In the second step, we absorb the dependence of Z MS (µ) on scale µ by integrating the renormalization group equations
that provide the scale dependence of the operator Γ in the MS scheme. The anomalous dimension γ MS for O Γ is known from continuum perturbation theory (see, e.g. Ref. [2] ), for the axial vector singlet it is given in Ref. [10] . After integrating Eq. (4.1), we introduce
It depends on the lattice spacing but is independent of the scheme and scale (assuming that the perturbative calculation of the anomalous dimension and of the conversion factor is accurate enough in the relevant region of µ). We use r 0 Λ MS = 0.789(52) for the matching with perturbation theory and the computation of the conversion factors [11] . As an example, the RGI singlet axial vector renormalization constant is presented in Fig. 3 for two ensembles at the same pion mass m π = 420 MeV but at two different lattice spacings, a = 0.071 and a = 0.060. The singlet Z A RGI shows a large deviation from a constant behavior especially at small and large momentum scales, due to the effects of higher order of perturbation theory in the expansion (4.1) and of non-zero a respectively. The so-called "window problem" refers to the difficulties in lattice Monte Carlo simulations to find a region of the scale µ where the systematic uncertainties related to both lattice artefacts and perturbation theory are under control. Finer lattice spacings enlarge the window where the RGI renormalization constants can be reliably extracted and reduce lattice artefacts at large momenta. A possible solution to the problem of the lattice artefacts is a combined fit of the renormalization constants computed from all different a following the ansatz
The various choices for the range of µ 2 to consider in the fit and the order of the polynomial are included in the final result as systematic uncertainties. The RGI renormalization constants computed following this method from the data at m π = 420 MeV at a = 0.060 fm are presented in Table 2 . Despite the larger statistical errors compared to the triplet case, the even larger systematic uncertainties dominates the final error of the flavor singlet renormalization constants. Our results are in agreement with the behavior for the singlet renormalization constants Z A and Z S of Ref. [7] , although a direct comparison is not possible due to the different number of quark flavors of our simulations.
Conclusions
We presented the first calculation of the renormalization constants of flavor singlet quark bilinear operators for the N f = 2 QCD theory. The computational cost of the non-perturbative renormalization of flavor singlet quark bilinear operator is approximatively O(10) times larger compared to the flavor non-singlet case. Our results show that it is possible to perform the calculation of the disconnected contribution to the vertex function using standard stochastic noise techniques.
The analysis of a third ensemble at a lighter pion mass and the extrapolation of the renormalization constants to the chiral limit is our next step to conclude the analysis of the N f = 2 flavor theory. In the future, we plan to extend our analysis to the N f = 3 CLS ensembles and we plan to include the operators relevant for the renormalization of the stress-energy tensor.
